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1.1
1.1.1

Sets
Open and Closed sets

We start topology by considering open and closed sets learned in real analysis.

Definition 1.1.1 — Neighborhood. Let x € R and let € > 0. A neighborhood of x (or x-nbhd)
isasetBy=B(x,e)={yeR||x—y|<e}=(x—g,x+¢).

| Definifion 1.1.2 — Open set. A set S C R is open in R iff Vx € S, 3B, such that B, C S.

This states that an open set has a neighborhood around any arbitrary point.
Alternatively, we can say a set is open iff Vx € S,3¢e, > O such that x € (x — &, x+ &) C S.

I Definition 1.1.3 — Closed set. A set F C R is closed in R iff R\ F is open.

Again, we can alternatively state that F is closed iff Vy ¢ F, Je, > 0 such that (y — &,,y +€,) N
F=0.

H Example 1.1 — Examples of open sets.
(1) R is open.
(i) @ is openin R.
(ii1) R and @ are both closed in R.
(iv) Leta,b € R,a < b. The interval (a,b) is open in R.
(v) I=10,1] is closed in R.

[ |
Proofs for Example 1.1.
(i) Letx € R. Choose & =1>0. Thenx € (x—1,x+1) CR,sincex— L,x+1 € R. " Ris
open.

(i) We know the empty set has no elements. By definition, S is open iff Vx € S, 3B, such that
B, C S. When § = &, there is no such x € §, so it is vacuously true. .". & is open.
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(iii) Consider R\ R = @. By (ii), @ is open. By Definition 1.1.3, R is closed.
Consider R\ @. By (i), @ is open. Then & is closed.
(iv) Let x € (a,b). Choose & = min{*5%,2%} > 0. Then x € (x — &, x+ &) C (a,b) by
construction.
O

Note that both R and & are both closed and open. These are called clopen sets. They are the
only clopen sets in R.
I Exercise 1.1 Prove R and & are the only clopen sets in R. (Try using proof by contradiction.)

I Exercise 1.2 Prove Example 1.1[v], i.e., that I = [0, 1] is closed.

B Example 1.2 [ = (0, 1] is neither open nor closed. [ |

Proof. First, we show [ is not open.

We must show —=(Vx € I,3g, > 0,x € (x — &,x+ &) CI). So we should show Jx € I, Ve, >
0,x€ (x—&,x+&)ZI

Choosex=1¢€1.

Let & > 0 be arbitrary.

Note 1 +&/2>1=1+¢€/2¢&(0,1]=1. But 1 +€/2 € (x— &,x+ &) because 1 +&,/2 <
1+ &,.

S(l—e148&)Z1 O

I Exercise 1.3 Show that / is also not closed.

However, consider that you can’t just choose &, /2 because there are two cases: when &,/2 < 1
and when &,/2 > 1.

1.1.2 Building open and closed sets

Theorem 1.1.1 — Union and intersection of open and closed sefs. (i) The union of any
(finite or infinite) collection of open sets in R is open in R.
(i) The intersection of a finite collection of open sets in R is open in R.
(iii) The intersection of any (finite or infinite) collection of closed sets in R is closed in R.
(iv) The union of a finite collection of closed sets in R is closed in R.

B Example 1.3 The following examples show why 1.1.1(ii) and (iv) require the finite condition.
(i) Consider I = [1/n,1],n € Z™.
We can show [ is closed in R by showing Va,b € R, [a, D] is closed.
Then U;,_,[!/n, 1] = (0, 1] (whose equality we’d have to show with opposite set containment
(and using the Archimedean property)).
In Example 1.2, we show this interval is not closed.
So 1.1.1(iv) requires the finite condition.

1
(ii) Consider I = (0,14 —),n € Z™". Then we showed in Example 1.1(iv) this interval is open.
n

Then (), (0, 1+ 1/x) = (0,1] (which we must show again).
So 1.1.1(ii) requires the finite condition.
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R) By Demorgan’s Law, Theorem 1.1.1(i) and (iii) are equivalent, and Theorem 1.1.1(ii) and (iv)
are equivalent. So it is sufficient to prove only two of these properties (such as (i) and (iv))

Proof of Theorem 1.1.1. (i) Let {Aj |A; CR, open} ,J € J, where J is the index set (which
may be finite or infinite).
We want to show A = (J¢;A; is open (by definition).
Let x € A be arbitrary.
Then x € A for some jj € J by definition of union.
So dB, such that x € B, C A, because A, is open.
Since A j, C A by definition of union, B, C A.
.. Ais open.

(iv) Let{A; |A; CR,closed},i € Z*.
O

Theorem 1.1.2 Every open set in R can be written as a countable (pairwise) disjoint union of
open intervals. That is, foropen S C R, a;,b; € R,a; < b;

S=|](a;,b;)
=1

where (aj,bj) N (aj,by) =& when j # j'.

Recall the following definition:

Definition 1.1.4 A point x € F is a limit (or accumulation, or cluster) point iff VBy, (By(x, €) —
{x})NF # @, i.e. any deleted neighborhood around x has points in F'.

Theorem 1.1.3 F is closed in R
< Every convergent {x,} C F with limit/ has [ € F
& F contains all of its limit points.

Definition 1.1.5 — Open set in R". Let S C R".
Sisopenin R"iff Vx= (x1,x2,...x,) € S,B(x,&) ={y e R" | |[x—y|| < €}, x€B(x,€) CS.

Definition 1.1.6 — Closed in R". Let FF C R".
F is closed in R" iff R” — F is open in R".






2. Topology

2.1 Introduction to topologies and topological spaces

2.1.1 Topology and topological space

Definition 2.1.1 — Topology. [Mun99, page 76] Let X be a nonempty set.
A topology T is a collection of subsets of X is a collection of subsets of X that satisfies:
1) 9.XeT
(i) IfA; € T,j€ AthenUjepA; €T
(iii) IfA; € T,j € A|A[ <oothenN;cpAA; €T

Consider how this looks like the union and intersection of open and closed sets in R, except we
use it as definition for a general set X.

Vocabulary 2.1 When U € T, we say U is open in X.

Definition 2.1.2 [Mun99, page 76] A topological space is (X, T ) where X is a nonempty set
and 7 is a topology on X.

B Example 2.1 Consider X =R, 7 = {open sets in R}. Then (X,7) is a topological space. We
call this the standard topology Tgq. ]

By Example 1.1(i) and (ii), the standard topology satisfies Definition 2.1.1(i). By Theorem
1.1.1, we have conditions (ii) and (iii).

I Exercise 2.1 Show Example 2.1 satisfies Definition 2.1.1(iii).

B Example 2.2 Let X = R", 7 = {open subsets of R"}. Then (X,7) is a topological space. Bl
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B Example 2.3 Let X # @. Let 7 = {@,X }. Then (X, 7T) is a topological space. We call this
the trivial topology (or indiscrete topology). |

Proof. We are showing T is a topology.
(i) @,X € T by definition of 7.

(ii) Let A}, j € J be any collection of members of 7.
If Ay = X for some j' € J, then J;cpA; € T =X € T by definition of 7.
IfA; =2 forall j € J, then J;cpAj € T =@ € T by definition of 7.

(iii) LetAj, j € J,|J| < oo be any collection of members of 7.
IfA; =X forall j€J,then(;cpAj € T =X €T by definition of 7.
If Aj = & for some j' € J, then (;cAA; € T = @ € T by definition of 7.

0

B Example 2.4 Let X # @. Let 7 = P(X). Then (X, 7)) is a topological space. We call this the
discrete topology. |

I Exercise 2.2 Prove the discrete topology is a topology.

B Example 2.5 Let X = {a,b,c,d,e}.
Let 71 = {X,2,{a},{c,d},{a,c,d}}.
Let T, = {X,2,{a},{c,d},{a,c,d},{b,c,d}}.
Let T3 = {X, 2, {a}, {c,d}, {a,c,d}, {a.b,d,e} .
Which of these 7; are topologies?
Consider {c,d},{a,b,d,e} € T3. However, {c,d} N{a,b,d,e} ={d} & Ts. [

I Exercise 2.3 Show whether 7 and 7; are topologies or not.
We can depict topologies by drawing out the elements of X and the subsets of 7.

B Example 2.6 Let X = {a,b}. List all possible topologies on X.

We have the trivial topology 7; = {@,X} and discrete topology 7> = {2, X, {a},{b}} =
P(X).

There is also 73 = {@,X,{a}} and T4 = {2, X, {b}}. |

I Exercise 2.4 Given n € N. Find the number of different topologies on a set X such that |X| = n.

2.1.2 Comparable Topologies

Definition 2.1.3 [Mun99, page 77] Let X # &. Suppose that 7,7 are two topologies on X.
(i) We say T is finer than T if 7 C T’ (and strictly finer if the containment is strict).
(ii) We say T is coarser than T if T’ C T (and strictly coarser if the containment is strict).
(iii) Two topologies are comparable if either T C T  or T' C T.

The terminology might be counter to intuition: "finer" meaning "smaller". However, consider a
topological space as a pile of rocks. If we smash the rocks, there are now more rocks, though they
are smaller, like how the topology is finer by having more elements.

B Example 2.7 Let X = {a,b}. Consider the trivial topology 7T = {@,X} and the discrete
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topology Tis = {2.X, {a}, {b}}.

Then the discrete topology on X is strictly finer than the trivial topology on X.

We can see @,X € Tgis and @,X € Tyi, 80 Tii C Tais- Since {a} € Tgs and {a} & Ti-
7;ri C 7:iis- ]

All topologies are coarser than the trivial topology and finer than the discrete topology.

2.2 Basis for a topology

Definition 2.2.1 Let (X, 7) be a topological space.
A basis, B, for T is a collection of subsets of X such that:
(i) Vx € X,3B € B such thatx € B
(ii) If 3,B;,B, € B such that x € B N B,, then 3B3 € B such that x € B3 C B; N B,
Let U C X. We say that B generates T provided: if Vx € U,3B, € B such thatx € B, C U,
then U € T (i.e. U isopenin T).

This allows us to define topologies using a smaller collection of subsets instead of defining
the topology directly. The definition for a basis generating a topology (and what is considered an
open set) is parallel to the definition of open sets in R using €-neighborhoods. Also, the definition
requires an implication, but it is also a biconditional, i.e., if a set is open, then we can find a basis
element for any arbitrary element in that set.

B Example 2.8 (a) Consider (R, 7sq). Then B = {(a,b) | a,b € R} is a basis.
(b) B’ ={(a,b)|a,becQ}isalso abasis for (R, Tgq).
() B”"={(a,b)|a,b e R\ Q} is a basis too for (R, Tsq).
(d) Let X # @. Consider (X, 7gis). A basis for Tgis is B = {{x} |x € X }.

Note that bases do not require the same cardinality; see (i) and (ii).

Proof for Example 2.8(a). We have to ensure the basis satisfies (i) and (ii) of Definition 2.2.1.
LetxeR.Lete=1>0. Thenx e (x—1,x+ 1) € B, so condition (i) holds.
Suppose 3B (r1) = (a,c),Ba(r2) = (b,d) are open balls with radius rj,r; such that B; N B;.
Then choose r3 = min{x —a,x —b,c —x,d —x}. So x € B3(r3) C Bi(r1) N Ba(r2) by choice of
r3. Then condition (ii) holds. (Alternatively, we can use Theorem 1.1.1 for this condition.) [J

B Example 2.9 3 ={(a,b) | a,b € R} generates Tggq. |

Proof. Recall U € Tgq. We know from Theorem 1.1.1 that U = U | (a;,b;),a;,b; € R.
Let x € U be arbitrary. So x € (a;,b;) € B for some i € N.
..Vx € U,3B, = (a;,b;) for some i € N and x € B,. O

Now we want to check the 7 that a basis 3 generates is indeed a topology.

Proof. Suppose that:
(1) B is abasis for T
(2) B generates T
So now we have to prove Definition 2.1.1(i), (ii), and (iii).

(1) WhenU = @ € X, then U € T because the definition of (2) vacuously holds.
So consider U = X € T because of: Definition 2.2.1(i), i.e. (1); U =X; and 8 is a
collection of subsets of X.
.. &,X are open.

(i1) LetAj,j € J be any collection of open sets on X.
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LetA=UjcjA; € T. Let x € A be arbitrary. Then x € A; for some j € J by definition of
union.
Since Aj € T (i.e., A; is open), so 3B, € fB such that x € B, C A; by (2).
Thus x € B, CAbecause A; C UjcjA; € T =A.
.. Ais open.

(iii) LetA;,As,..., A, €T.
BASE CASE: A|,Ay € T. Letx € A| N A, be arbitrary.
We have that x € A} and x € A, by definition of intersection. Then 3B}, B, € 8 such that
xeB  CAjandxe B, CA, byAl,A2 eT.
We use Definition 2.2.1(ii) i.e. (1) to give that 3B3 € B such that x € B3 C BN B, C
A1 NAj.
INDUCTION STEP: Recall Ay,...,A, € T. Assume A;N...NA,_1€7T.
Consider A;N...NA,—1NA, = (A1N...NA,_1)NA, € Tau since we have already proved
the intersection of two open sets are open.

g
The definition for a basis generating a topology is not an intuitive or constructive way of
creating a topology. The following lemma shows us how we get a topology from a basis.

2.2.1 Topology generation from basis

Theorem 2.2.1 — Topology from Basis Lemma. [Mun99, page 80] Let X # &. Let 3 be a basis
for X (i.e., that generates some 7 on X). Then 7 = {U € X | U = Uycy By, for some B, € 3 }.

To prove this, we show opposite set containment.
I Exercise 2.5 Prove Lemma 2.2.1.
Note that U = U,cy By, for some By € B is not unique.

B Example 2.10 Consider the topological space (R, Tq) with basis B = { (a,b) | a,b € R,a < b}.
We have that U = (0,1) U (7,7) € Tgq. Notice (0,1) € B and (7,7) € B.
However, we also have U = (0,1) U (,4) U (3.5,7). |

Definition 2.2.2 — Topologizing. The action of creating a topological space (X, 7g) from
(X, B) is called ropologizing X .

However, we want the converse: to be able to find bases given a topological space.

Theorem 2.2.2 — Basis Check Lemma. [Mun99, page 80] Let X be a topological space.
Suppose C is a collection of open sets in X such that VU € Tx and Vx € U,3C € C such that
xeCCU.

Thus C is a basis and C generates Tx.

To prove this, we need to show two things: that C is a basis and that C generatesz 7.

The cover condition (Vx € X,3C € C,x € C) in the definition of basis follows if we just take
U=X.

Then we have to show the refinement condition in the definition of basis (if C;,C, € C such
that x € C; NC,, then 3C; € C such that x € C3 C C; NGy).

In this proof, we will have a method of actually constructing the topology.

B Example 2.11 Let X = {a,b,c}. Let A = {{a},{b}} C P(X).
Find a basis for some topology 74 such that A C T4 (i.e., the members of A are open sets in
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X).

Consider 74 = {2,X,{a},{b},{a,b}}.

The plan is to find all find all finite intersections of members in A.

e {a}n{a} ={a}. .. {a} €C.

o {b}n{b} ={b}. .. {b} €C.

e {a}n{b}=2. . .@€cC.

* NgegAg =X ={a,b,c}. Aq €A. - €C.
Recall {Aq} C P(X). Then UgejAq = {x € X | x € Ay for some o € J }.
Also NgejAq = {x € X | x € Ay for each o € J }. When we intersect more things, we get
a smaller set. So the reverse is true (by the precedent being vacuously true): the empty
intersection is the full set.

So this C = {@,X,{a},{b}} is a basis. [ |

I Exercise 2.6 Use Lemma 2.2.2 to show C is a basis.

Definition 2.2.3 — Equivalent basis. Let X # @. Let 8 and 8 are basis on X.
We say that B and B’ are equivalent if Tg = Tg:.

Theorem 2.2.3 — Basis equivalence. Let X # @. Let 8 and 8’ be basis on X. Then ' and 8
are equivalent iff

(a) VB€ B and Vx € B, 3B’ € ' such thatx € B’ C B

(b) VB’ € B’ andVx € B, 3B € B such thatx e BC B’

We say two basis are equivalent if every basis element in  can be built from basis elements in
B’, and vice versa. When we say "built", we mean that all points covered by a basis element can be
covered by basis elements from the other basis.

p) If only Theorem 2.2.3(a) holds, then 72; - 72;/, ie., 71;/ is finer (larger, more) than 71; If only
Theorem 2.2.3(b) holds, then ’723/ - ’773 i.e., 723/ is coarser than 72;

2.2.2 Subbasis

Definition 2.2.4 — Subbasis. [Mun99, page 82] Let (X,7") be a topological space.
A subbasis S is a collection of open sets of X such that

weT, U=/ (ﬂs)

acJ \i=1
where S; € S.

That is, for any open set U = {unions of all finite intersections of elements in S}. So Example
2.11 is an example of subbasis.
Then By = S; NS> N---NS, for fixed n is a basis element.

W Example 2.12 (i) Consider (R, 7sq4). Then B = {(a,b) |a,b e R,a<b}.
Note (a,b) = (—co,b) N (a,oo).
So then we get S = {all unbounded open intervals in R}.
(ii) Consider (R?,7gq). Then 8 = {all open rectangles with parallel sides}. What is a subba-
sis S? We have S = { (x,y) |[a <x<b,a,b e R}U{(x,y) |c<y<d,c,d e R}.
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2.3 Subspace Topology
Definition 2.3.1 Let (X, 7x) be a topological space. Let Y C X,Y # &.
AsetV CYisopeninY iff V=Y NU for some U € Tyx.

W Example 2.13 Consider (R, 75q). Let Y = (0,1] C R (but note Y is not open). Prove (3, 1] is
openinY. |

Proof. We have thatV C Y,V # @.
Observe V = (1,1] = (0,1]N(3,2), so it’s open in ¥ but not open in Tyq. O

R) Anopen setin asubset Y need not be open in X.

Definition 2.3.2 — Subspace Topology. [Mun99, page 88] Let (X, 7x) be a topological space.
LetY CX,Y # 2.
The subspace topology (or relative, or induced) on Y is

Ty={YNU|U€Tx}
The pair (Y, 7y) is called a subspace.

Note that Munkres doesn’t show that this is a topology, so this should be a theorem. We will
prove it is a topology.

Proposition 2.3.1 7Ty is a topology on Y.

Proof. (i) =YY@ (and @ € Tx topology). .. & € Ty.
Y =YX (and X € Tx topology). .".Y € Ty
(ii) Suppose YNUy,Voxr € J are openinY,ie. YUy € Ty.

UEMNU0) =Y (UUa) €Ty

ael ac/
——
Tx

We know that |J,c; Ua € Tx because of arbitrary union in a topological space.
S UgesUa € Tx.
(iii)) We prove the finite intersection is an open set by induction.

BASE CASE: Let Y NU,YNU> € Ty.
Consider (Y NU;)N (Y NU,) =Y N (U NU,) (by commutativity, associativity
of intersection).
We have that U; NU, € Ty (because Ty is a topology and finite intersection of
open sets is open). .. Y N (U1 NU,) € Ty.
INDUCTION STEP: Let Y NUy,...,Y NU, € Ty. Assume (Y= (Y NU;) € Ty.
Then consider (Y, (Y NU;) = =} (Y NU;) N (Y NU,), which are both open
sets in Y. By the base case, "/_} (Y NU;) N (Y NU,) € Ty

. (Y, Ty) is a topological space. ([
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B Example 2.14 Let X = {a,b,c,d, e, f} with Tx = {X,2,{a},{c,d},{a,c,d},{b,c,d,e,f}}.

LetY = {a,c,e}. Whatis Ty?

Recall Ty ={YNU |U € Tx }.

Ty ={Y,2,{a},{c},{a,c},{c,e}}. Note that {a,c} =Y N{a,c} =Y N({a}U{c}) (even
though we are already given {a,c}, some topologies may only be defined in by their basis, so we
might need to take the union and intersect Y with that). |

W Example 2.15
(i) Let (Ry, Tsta)-
LetY = { (x,y) € R? | x* +y* =9 } C R? with the subspace topology is a subspace.
(i) Consider Y = { (x,3,2) | 2 +y*+ 2 =1 } It is a subspace with the subspace topology.
|

2.3.1 Subspace basis

Theorem 2.3.2 Let (X, 7x) be a topological space. Let (Y,7y) be a subspace. If By is a basis
for Tx, then a basis for Ty is fy = {YNB| B € Bx }.

Proof. We use Lemma 2.2.2.

We want to show VY NU € Ty andVy € YNU, 3C € By suchthatye CCYNU.

Let Y NU € Ty be an arbitrary open set (so U is any open set in X, i.e., U € Tx).

Lety € Y NU be arbitrary. So by definition of intersection, y € Y and y € U. Because U is
open, and By generates Tx, 3B € By such thaty € BC U.

Then BNY CUNY. Choose C =BNY € Py. O

2.4 Finite Product Spaces

Section 15 of [Mun99] covers the n = 2 case, and Section 17 covers the general case.
Recall a finite collection of nonempty sets X;, i = 1,...,n. Then

Xi x Xy x-x Xy ={(x1,x2,...,%0) | x€Xsi=1,....n}

Definition 2.4.1 — Finite product topology. [Mun99, page 86] Let (X1, 7;),...(X,,7,) be a
finite collection of topological spaces.

The product topology, Tproa 00 X1 X - -+ X X, is the topology generated by the basis
Bpr()d:{UlXUZX"'XUn|Ul€77}
The pair (X1 x -+ X Xy, Tprod) is the product space.

W Example 2.16 Consider X = [a,b] is a subspace of R, and ¥ = { (x,y) € R? | x> +)y? =9 } is
a subspace of R.

Then X x Y is a cylinder with radius 3 and height b —a. |

Proposition 2.4.1 Byrog = {Ui x Uz X --- x U, | U; € T} is a basis.

Proof. Note X; € 7;foreachi=1,...,n.
Letx = (x1,...,%,) € X1 X --- X Xp.

Choose B = (X; x X» x --- X X;) € Bproa by the previous note.
C.XEB.
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Suppose Bi,B; € Byrog and x € Bi N B,.
Then By NBy = (Uy X -+ x Uy) N (01 X --- X Oy), where U; € T;, O; € T; by definition of
B; € Bprod-

B]ﬂBzZ(UlX-"XUn)m(01X‘~><0n)
— (U1N0) X - x (U Oy)
eﬁprod

Each (U;N O;) € T; by closure under finite intersection.
So choose Bz = B1 N B;.
S.Xx€B3; C B NB,.
]

Theorem 2.4.2 [Mun99, page 86] Let B1, B, . . ., B, be basis for X1, ..., X, (i.e., B; generates X;).
Then B = {B; x By x --- x B, | B; € B; } is a basis for Tproq 0n Xj X -+ X X,,.

There are multiple ways to prove this. We can prove this by definition—show it’s a basis
and show the basis generates Tproq; We can show Byroq and this proposition’s 3 are equivalent by
Theorem 2.2.3; or we can apply Lemma 2.2.2. The latter is the shortest proof.

2.4.1 Projection

Definition 2.4.2 — Projection map. [Mun99, pages 87, 114] Let X;,...,X,,... (so it can be
finite or infinite) be a collection of topological spaces, i.e. {(Xo, Ta) } acs-

Then the map
T Xp X XXix XXy, X--o 2 X; (Countable case)
Ty HXa — Xy (General case)
act
defined by
ni((xl,...,xi,...,xn,...)) = Xi

”7((xa)a61) =Xy

is called the projection map onto the i-th component or the component associated to the y € J
index.

B Example 2.17  (a) Consider the projection map 7; : R x R — R defined by (x,y) + x. This
flattens the plane into the x-axis.
(b) Consider m; : (0,1) x R — (0,1) defined by (x,y) — x where x € (0,1),y € R. We have

an open rectangular vertical strip, which just becomes a point between 0 and 1.
|

Theorem 2.4.3 [Mun99, page 88] Let X1, ..., X, be a finite collection of topological spaces.
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The set

S = {Sl,Sz,...} = U{Sl}
i=1

where {S;} =S; = {ni_l (Uy) | U; € 77}, is a subbasis for Tproq 0n Xj X -+ X X),.

R This union [ J_, S; is only for notation, that is, these S; could be of different types, but we are
not taking the literal set notation definition, but taking it as a collection.

This S is a collection of subsets (as a subbasis is). Each subset is made of the preimage of the
projection of each open set in each of the original topologies.

S is not a basis in general, but the basis Bs = e Si are created from all possible finite
intersections of elements in S.
B Example 2.18 Let X = {a,b,c} with Tx = {X,,{a},{a,c}}.
LetY = {u,v} with Ty = {Y, 2, {u}}.
(a) We want to find the subbasis S for Tp0q on X x Y.
Then X x Y = {(a,u), (a,v), (b,u),(b,v),(c,u),(c,v)}.

There are two projection maps, Ty : X X ¥ — X defined by (x,y) —xand y : X XY =Y
defined by (x,y) — y.

SoS = {m ' (U),m, ' (V}) | Ui € Tx,Vi € Ty }.
Now we compute the preimages (which becomes each S; € S).

S =m ' (X) ={(x,y) €X xY | mx((x,y)) €X} (Def of preimage)

Then we get the subbasis S,

S={m' (), %' (Vi) | U; € Tx,V: € Ty }
= {81,5,,53,54,55}

={XxY,9,{(a,u),(a,v)},
{(a,u),(a,v),(c,u),(c,v)},
{(a,u),(b,u),(c,u)}}

(b) We want to find the basis Bs generated by S.

We take all possible finite intersections (by taking all pairwise intersections, which consid-
ers any other finite intersections).
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Bs ={X xY,2,{(a,u),(a,v)} =Ss,
{ a’u)v(avv)’(c’u)’(cvv)} = S84,
a,u),(b,u),(c,u)} =Ss

Infinite Product Spaces

Recall that for a finite collection of topological spaces (X;,7;),... (X, 7,), the product topology
Torod 00 X1 X - -+ x X, is the topology generated by the basis Byrod = {U1 x Us X -+ x U, | U; € T; }.

Also recall Theorem 2.4.3, which states that = { B; X By x --- X B, | B; € f; } is an equivalent
basis.

One more equivalent construction of the product space is in Theorem 2.4.2, giving the subbasis
S=UL{S:} where {S;} =S; = {7 '(U) |U € T, }. (That is, the subbasis elements are all the
preimages of projections of open sets of each factor topology.)

This final construction will be important for infinite product spaces.

Box topology

Consider an infinite collection of topological spaces X; X X» x ---. Intuitively, each element in this
collection is an infinite tuple.

Definition 2.5.1 — Box Topology. Let J be an index set. Let {X}qecs be a collection of
topological spaces. The box topology on [,c; X« is the topology generated by the basis

B:{HUa|Uae7}a}.

ol

See that it’s called the "box" topology because we get these boxes of open sets. For this to be
rigorously defined, we need to define what it means to index and take the product over an infinite
set.

Definition 2.5.2 — J-tuple. [Mun99, page 113] Let J be an index set. Let X # @. A J-tuple of
elements of X is a function x : J — X, & — x( o). (We notate this as x, the @ coordinate of x.)

So we get the tuple ((xa)) Now we can precisely define the Cartesian product for infinite

collections.

act’

Definition 2.5.3 — Cartesian product. Let {X,}4cs. The Cartesian product []yc; Xq is the
set of all J-tuples ((xg)) ., of elements in (Jye; Xa (= X) such that x¢ € X for each a € J.

Theorem 2.5.1 [Mun99, page 116] The box topology is generated by the basis

B:{HBa|Ba€BXa}'

act

Once again, we can use Lemma 2.2.2 to show this basis generates the box topology.
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Now, we consider an alternate topology for this infinite product of topological spaces, using
Theorem 2.4.2

2.5.2 Infinite product topology

Definition 2.5.4 — Product topology. [Mun99, page 114] Let J be an index set. Let {Xy } ey
be a collection of topological spaces.
The product topology Torod On [1gey Xo is the topology generated by the subbasis

S:US(X

acJ

where Sq = {7,' (U) | U € Tx, }

R) If the index set J is finite, the definition for the box and product topology are equivalent. But
if J is infinite, the box topology is finer (i.e., larger) than the product topology.

We prefer the product topology 7prod because many theorems only apply to this more restricted
topology.

B Example 2.19 Let (X, 7;) for i = 1,2,3 be topological spaces, where each 7; is the discrete
topology. Prove X; X X, x X3 has the discrete topology. |

Proof. We know that 7; is generated by basis ff; = { {x;} | x; € X; }.
Also, Tproq is generated by basis ﬁprod such that

ﬁprod - {Bl ><B2 ><B3 ’Bi c Biai: 17273}
={{a} x {x} x{x}[x X}
= {{(x1,x2,x3)} [ x; € X; }

.. Toroa 18 the discrete topology on Xj X X5 x X3. O

2.6 Continuous functions

Note that when we consider a function f : X — Y from one topological space to another, it induces

amap f: P(X) = P(Y).

Definition 2.6.1 — Continuous function. [Mun99, page 102] Let (X,7x) and (Y, 7y) be
topological spaces. Let f : X — Y be a function.

We say that f is continuous if YV € P(Y), if V is open in Y, then f~!(V) is open in X. (That
is,VeT,=f1(V)eTx.)

Recall that the preimage f~! (V) = {x € X | f(x) €V} CX.

Proposition 2.6.1 — Constant functions are continuous. Let X,Y be topological spaces.
Let f: X — Y be a constant function, i.e., For some a € Y, Vx € X,x — a.
Then f is continuous.
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Proof. LetV € Ty be arbitrary.
We consider two cases:

~ X, ifaeV
vy = :
o, ifagV

By trivial open sets in a topology, &, X € Tx because X is a topological space.
.. f is continuous. ]

B Example 2.20 Let X = {a,b,c,d} and Y = {x,y,z,w}.
Suppose Tx = {X7®7 {a}7 {a7b}7 {a,b,d}} and Ty = {Y,Q,{x}, {y}, {x,y},{x,y,z}}.
Prove or disprove f : X — Y is continuous, where

a—x
b—x
crz
d—w

Proof. We claim that f is not continuous.
Consider {x,y,z} € Ty.
We compute ! ({x,y,z}) = {a,b,c} ¢ Ty by definition of f. O

Exercise 2.7 With the same topological spaces X ,Y in Example 2.20, consider the map

al—>y
bz
c—w

d—z

Proposition 2.6.2 [Mun99, page 107] The composition of continuous maps are continuous.

Proof. Let X,Y,Z be topological spaces. Letg: X —Y,f:Y — Z.

Suppose f, g are continuous. We want to show f o g is continuous.

We have thatX£>Yi>ZandX &)Z.

Consider that (fog)(_xl) = (g7" o f")(x) by shoes-socks.

Also, since f, g are continuous, we have that for any V € Tz, f~!(V) € Ty and for any U € Ty,
g '(U) € Tx.

LetV € 7;.

(f o H(V) =g (' (V))
= gil(U)7 Ue 7;’
=WeTx

.. The composition of continuous functions are continuous. g
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Definition 2.6.2 — Open map. Let X,Y be topological spaces. Let f: X — Y be a map.
We say that f is open if f maps open sets in X to open sets in Y.

Note this definition can be considered as a sort of converse to continuous maps in topological
spaces, and imporantly, they are not equivalent.

B Example 2.21 Consider X =Y = R with the standard topology.

From Proposition 2.6.1, we know that for some constanta € R =Y, and Vx € R = X, that
f(x) = ais continuous.

Consider f(R) = { f(x) |x e R} = {a}.

Then we could show that {a}, i.e., any singleton set in (R, Tq) is closed. To show this, we
show that R — {a} = (—o0,a) U (a,).

We have that
(—OO,G)U((,Z,OO) = ( U (—n—l—a,a)) U ( U (a7n+a))
neN Gﬁv u neN Eﬁv u

which is the union of open sets (specifically, basis elements).
.. {a} is closed.
The only clopen sets in (R, 7gq) are &, R.
.. {a} is not open, so the map is not open. [ |

Theorem 2.6.3 [Mun99, page 104] Let X,Y be a topological spaces.
Let f: X — Y be a map. Then f is continuous iff for each B € By, f~!(B) € Tx.

Proposition 2.6.4 — Projection maps are continuous. Let XY be topological spaces. Then

the projection maps 7y : X XY — X and m, : X X Y — Y defined by 7 (x,y) = x and mp(x,y) =y
are continuous.

Proof. LetU € Tx and V € Ty be open sets.

We compute the preimage 7, ! (U)=U xY. We have that U € Tx (as given) and Y € Ty (Y
is a topology). Then U x Y € Byoq (by Definition 2.4.1).

Since Byrod € Tprod> then U x Y is open.

.. 1 is continuous.

Now we have that 7, (V) = XX V_ € Bproa € Tyroa-

€Tx €Ty
.". T 1S continuous. 0

This theorem not only holds in the general finite case, but also in the infinite case.

I Exercise 2.8 Prove the projection maps on gy Xq.

Proposition 2.6.5 [Mun99, page 110] Let X, Y, Z be topological spaces.

Let f: Z — X x Y defined by f(z) = (f1(z), f2(z)) where fi : Z— X and f,: Z — Y.
Then f is continuous iff f; and f, are continuous.

Proof. Suppose f is continuous.

Let U € Taux and V € Ty be open sets. Notice that 1 = m; o f. We know the projection map
is continuous (Prop 2.6.4) and the composition of continuous maps is continuous (Prop 2.6.2).
Similarly, f> = m o f.

.. f1, f» are continuous.
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Suppose f1, f» are continuous.
Let U XV € Tprog- Then U € Taux and V € Ty.
Compute f~1(U x V). We wanta € f~'(U xV). So f(a) €U xV. Then f(a) € U and
fz(a) eV.
So fy (U x V) = £, (U)Nf; 1(V) € Tz by closure under finite intersection. O
—_——  ——

€Tz €Tz

2.7 Homeomorphism

Definition 2.7.1 [Mun99, page 105] Let X, Y be topological spaces. A function f : X — Y isa
homeomorphism if f is bijective and continuous, and its inverse f~! is continuous.
We say X and Y are homeomorphic, X =Y, if there exists a homeomorphism between them.

A homeomorphism shows when two topological spaces have an equivalent structure, i.e., the
homeomorphism preserves the topology. For example, if two spaces are topologically homeomor-
phic, you can continuously deform one to the other.

Proposition 2.7.1 R is homeomorphic to (—1,1).

Note that (—1,1) C R and it inherits the subspace topology.
Proof. Choose f:(—1,1) — R where f(x) = =

2
f is injective (i.e., Vx1,xp € (0,1), f(x1) = }()?2) = X = Xx2).
f is surjective (i.e., Vy € R,3x € (—1,1), f(x) =y).
We can show f is continuous topologically by showing it is continuous analytically (which
is equivalent in a subspace of R and its Euclidean topology). Since f is a rational function,

it is continuous on dom(f) =R —{£1}. Observe (—1,1) CR—{+£1}, so f is continuous on

(—1,1).

Now we need to show f~! is continuous. We find f~! = —2___ which is continuous.
1+(1+4x2)2
(Note that 1+ (1+ 4x2)% > 0 for all x € R, so f~!(x) is continuous in its domain). O

We could also choose g(x) = tan (%*) to show (—1,1) = R.
I Exercise 2.9 Leta,b € R,a < b. Prove (a,b) 2 R.
B Example 2.22 Consider S> — {0,0, 1}, which is the sphere without its north pole (since it

is a subset of R, its topology is the subspace topology of the standard topology of R?). Then
52 —{0,0,1} =2 R? by considering the stereographic projection. |

2.7.1 Topological invariants
How do we show two topological spaces are not homeomorphic?

Definition 2.7.2 — Topological invariant. A topological invariant is a property that is pre-
served under homeomorphism.

B Example 2.23 Which of the below are topological invariants (when these properties are
defined)?

* Boundedness is not a topological invariant, for example, Proposition 2.7.1.

* Connectedness is a topological invariant.

» Cardinality is a topological invariant because a homeomorphism is a bijection.
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* Area is not a topological invariant, for example, Example 2.22.

2.8 Closure and Interior

Recall a closed set is a set whose complement is open. Also, arbitrary intersection and finite union
of closed sets are closed.

Definition 2.8.1 — Closure and interior of a set. [Mun99, page 95] Let X be a topological
space. Let A C X.

The closure of A, A, is the intersection of all closed subsets of X that contain A.

The interior of A, fi, is the union of all open subsets of X contained in A.

The closure is equivalent to the smallest closed set containing A, and the interior is equivalent
to the largest open set contained in A.

Proposition 2.8.1 Let X be a topological space. Let A C X. Then
1) Ais open in X.
(ii) A is closed in X.
(iii) A is closed iff A = A.
(iv) A is open iff A = A.
(v) ACACA.

We don’t use the interior as often as the closure. The following will help us define continuity at
a point.

Proposition 2.8.2 Let X be a topological space. Let A C X.
x € Aiff 3U € Tx such that x € U C A.

We call this x € A an interior point.

Proof. Suppose x € A
Choose U = A € Tx by Proposition 2.8.1(i).
Then x € A by supposition, and U = AcCA by Proposition 2.8.1(ii).
.U € Tx such that x € U C A.
Suppose JU € T such that x € U C A.
Then U C A by definition of A.
S XEA. O

Proposition 2.8.3 Let X be a topological space. Let A C X. Then X —A = (X iA).

Proposition 2.8.4 Let X be a topological space. Let A C X. Then x € A iff 3U € Ty such that
xeUandUNA=2.

Proof. Suppose x € A.

Thenx € X —A = (X iA) by Proposition 2.8.3.

Choose U = (X iA). Then U € Tx by Proposition 2.8.1(i), and x € U. Also UNA =g
because AN(X —A) =@ and U C (X —A).

.3U € Tx suchthatx € U and U NA = @. ]
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Theorem 2.8.5 [Mun99, page 95] Let X be a topological space. Let Y C X be a subspace.
Let A C Y be a subset. Let A be the closure of A in X.
Then the closure of AinY isANY.

Recall B is closed in Y iff B=CNY for some closed C in X.
We want to show the closure of A in Y is B=ANY by opposite set containment.

Theorem 2.8.6 — Basis Closure Theorem. [Mun99, page 96] Let X be a topological space.
Let A C X be a subset. Let 3 be a basis for Ty.
(@) x €A iff VU € Tx(x € U = UNA # @). That is, every open set U in X with x € U
intersects A.
(b) x€ Aiff VB € B(x € B= BNA # @). That is, every basis element B with x € B intersects
A.

Proof. (a) Logically equivalent to Proposition 2.8.4 by contrapositive.

(b) Suppose x € A. By (a), every open set of U of X with x € U intersects A. Consider
U = U;B; for some B; € . Then every basis element B j with x € B; intersects A.
Suppose that every basis element B; with x € B; intersects A. Then so does every open V
in X with x € V because x € B; C V by definition of  generates Tx.

O

Theorem 2.8.7 Let X be a topological space and let Y C X be a subspace. Let A C Y be a subset.
Suppose A is the closure of A in X. Then the closure of A in Y equals ANY.

Now, one of the possibly advantageous things that these ‘elementary concepts provide us with
is an equivalent way to check that a function is continuous.

Limit Points

Definition 2.8.2 — Limit point. A point x € X is a limit (or accumulation, or cluster) point iff
VU € Tx, (U —{x}) NA # @, i.e. any deleted neighborhood around x intersects A.

Notation 2.1. The set of all limit points of A is A’
Proposition 2.8.8 A =AUA’.

Continuity at a point and continuity equivalents

Theorem 2.8.9 Let X and Y be topological spaces. Let f: X — Y be a function. Then the
following are equivalent:
1. f is continuous
2. Every closed set in Y has its pre-image closed in X.
3. Vxe X and V € Ty with f(x) € V, 3U € Tx such thatx € U and f(U) C V. (If this holds
for a single point, we get the following definition for continuity at a point.)

4. For all subsets A C X, f(A) C f(A). That is, the image of the closure of A is contained in
the closure of the image of A.

Proof of 1 = 4. Suppose f: X — Y is continuous. Let A C X be an arbitrary subset.
We want to show f(A) C f(A). That is, if x € A, then f(x) € f(A).
Let x € A be arbitrary.
Let V € Ty with f(x) € V. (Otherwise, if f(x) ¢ V, the statement is vacuously true.)
Then f~!(V) € Tx because f continuous and x € f~!(V) by definition of pre-image.

So f~1(V) by Basis Closure Theorem (Theorem 2.8.6(b)).
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Then f(f~'(V)NA) C f(f~'(V))Nf(A) =V N f(A) by set theory. (Each set is non-empty
since f a function.) L
.. By Theorem 2.8.6, f(x) € f(A). O

Definition 2.8.3 — Continuity at a point. Let X and Y be topological spaces. Let f: X — Y
be a function.

We say f is continuous at x iff VV € Ty such f(x) € V, U € Tx such that x € U and
fwycv.

2.8.3 Continuity at a point

Definition 2.8.4 — Continuity at a point. Let X,Y be topological spaces. Let f: X — Y.
Then f is continuous at a point a € X iff VV € Ty such that f(a) € V, U € Tx such that
aeUand f(U)CV.

2.9 Metric Spaces

Definition 2.9.1 — Metric Space. [Mun99, page 119] Let X # &. A metric space (X ,d) where
d: X x X — R is a function (a metric function) such that:
(i) d(x,y) >0 forall x y € X (non-negativity)

(i) d(x,y) = 0iffx =
(iii) d(x,y) =d(y,x) for all x,y € X (symmetry)
(iv) d(x,z) <d(x,y)+d(y,z) for all x,y,z € X (triangle inequality)

Notation 2.2. The number d(x,y) is called the distance between x and y.

W Example 2.24 (a) Let X = R” and d(x,y) = [L/, (xi,1)?] "2 Then (X,d) is a metric
space, called the standard Euclidean metric.
(b) LetX =C([0,1]) ={f| f:]0,1] = R, f continuous } and

d(f,g) / |f(x) — g(x)] dx
Then (X, d) is a metric space, where d represents the difference in the area of the curves of
fand g.

(c) Let X =C([0,1]) and d(f,g) = sup {|f(x) —g(x)|}. Then (X,d) is a metric space. We
x€[0,1]

know d exists by completeness axiom of R, and this d represents the biggest pointwise
distance between the two functions.

Definition 2.9.2 — Trivial metric. Let X # @. Then

d(x,y) 0, ifx=y
'x7 = .
Y 1, ifx#y

18 the trivial metric.
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Definition 2.9.3 — e-neighbourhood. Let (X,d) be a metric space. Let x € X, € > 0.
Then the €-neighbourhood is

Ne(x) =By(x,e) ={yeX|d(x,y) <e}

For example, we have the open balls in R? as &-neighbourhood.

2.9.1 Metric spaces and topological spaces

Definition 2.9.4 — Metric topology induced by d. [Mun99, page 119] Let (X,d) be a metric
space. The set

B ={Bi(x,e)|xeX,e>0}
forms a basis for a topology 7; on X. The topology 7; is the metric topology induced by d.
B Example 2.25 Let X £ &. Let d be the trivial metric.

Letx € X. Consider By(x,3) = {y € X | d(x,y) < 3 } = {x}. SoVx € X, {x} € T.
.‘.7:1:7:ﬁs- .

We showed that it is always possible to turn a metric space into a topological space. Is the other
way around possible? In general, no.

Definition 2.9.5 — Metrizable. A topological space (X, 7x) is metrizable if there exists a
metric d such that 7; = Tx.

A metrizable space is then a set X with both a topology Tx and a metric d.
Not all topological spaces are metrizable. For example, R with the lower limit topology provides
a counterexample. We want to categorize the metrizable topological spaces.

Definition 2.9.6 — Regular. A topological space (X, Tx) is regular if for all closed sets C of X
and for all x & C, there exists U,V € Ty suchthat CCU,x € V,andUNV = &.
We can think of this as separating closed sets from points.

Theorem 2.9.1 — Urysohn’s Metrization Theorem. [Mun99, page 212] Every regular topologi-
cal space with a countable basis is metrizable.

B Example 2.26 The Euclidean space R” with the standard topology is regular and has a
countable basis. It is indeed metrizable. |

2.9.2 Convergence

Definition 2.9.7 — Open set in a metrizable space. Let X be a metrizable space. A set U is
openin X if Vx € U, 3B,(x, €) such that x € By(x,€) C U.

Definition 2.9.8 — Convergence in a metrizable space. [Mun99, page 129] Let X be a
metrizable space. Let {x, },en C X.

We say that {x, },cn converges to some x € X iff 3x € X, Ve > 0, IM > 0 such that Vn € N,
n>M = x, € By(x,€).

That is, for any size neighbourhood around the limit, the tail end of the sequence is in the
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neighbourhood.
For example, if X = R, this is just the 6-M definition of convergence from calculus.

Definition 2.9.9 — Convergence in a topological space. [Mun99, page 89] Let X be a
topological space. Let {x, },eny C X.

We say that {x, } ey converges to some x € X iff 3x € X, VU € 7T, such that x € U, M > 0,
VneN,n>M=x,€U.

That is, the tail end of the sequence is in every open set covering the limit.
Note that convergence is not necessarily unique in all topological spaces (for example, consider
the trivial topology), but it is unique in metrizable spaces.

I Exercise 2.10 Let X = R with 7gq. Note (R, Tgq) is metrizable. Prove {(n:i;)'} converges to 0
inX.

Exercise 2.11 Let X be metrizable. Let {x,} C X, X,y € X.
Prove if x,, — X (i.e. x,, converges to x) and x,, — y, then X = y.

We can prove X is metrizable by using Urysohn’s Metrization Theorem or by definition (i.e.,
show there is a metric such that the metric topology induced by the metric is equivalent to the

topology).

2.9.3 Continuity in a metrizable space

Definition 2.9.10 — Continuity in a metrizable space. [Mun99, page 129] Let X,Y be
metrizable spaces with metrics dx,dy respectively. Let f: X — Y.
We say f is continuous at a point a € X iff Ve > 0, 36 > 0 such that

dx(x,a) < 0 =dy(f(x),f(a)) <€

Recall continuity at a point for a general topological space (Definition 2.8.4). Then we get
an equivalent statement: the image of the delta neighborhood at a point is a subset of the epsilon
neighborhood at the image of the point, i.e. f(Ns(a)) C N¢(f(a)). Then, we can consider open
sets U = f(Ns(a)) and V = Ng(f(a)).

Theorem 2.9.2 [Mun99, page 129] Let X,Y be metrizable spaces with metrics dy,dy respec-
tively. Let f: X — Y.
Then f is continuous iff Vx € X, Ve > 0, 36 > 0 such that

dx(x,y) <& =dy(f(x),f(v)) <€

Again, we will use the fact that the §-€ condition is equivalent to f(Ng(x)) C Ne(f(x)).

Proof. Suppose f is continuous.

Let x € X be arbitrary. Let € > 0 be arbitrary.

Consider £~ (Ne(f(x))), which is open in X because Ne(f(x)) is openin ¥ and f is continu-
ous. Also x € f~!(Ne(f(x))) by definition of pre-image.

Since f~!(Ne(f(x))) is open, we can choose & > 0 such that Ns(x) C =1 (Ne(f(x))).

Applying £ to both sides of the set containment Ng(x) C f~!(Ne(f(x))), we get 38 > 0 such
that f(Ns(x)) € Ne(f(x))

. Vx € X, Ve > 0,36 >0 such that dx (x,y) < 8 = dy (f(x), f(y)) < €.

Suppose 8-€ condition.

Let V € Ty be arbitrary.
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Consider f~!(V), which we want to show is open.
Letx € f~1(V) be arbitrary.
We know that f(x) € V by definition of pre-image and V openin Y.
Since V is open (in a metrizable space), 3¢ > 0 such that N¢(f(x)) C V.
By 0-€ condition, 36 > 0 such that Ns(x) C f(Ne(f(x))) C V.
Sox € Ng(x) C f~'(Ns(f(x))) C f~1(V). Ns(x) C f~1(V) is the definition of f~!(V) being
——
N (f(Ns(x))
open in a metrizable space.
.. f is continuous. (|

Theorem 2.9.3 — Continuity by convergence. [Mun99, page 130] Let X,Y be metrizable
spaces with metrics dy,dy respectively. Let f: X — Y.
f is continuous iff V{x,} C X, if x, — X in X then f(x,) = f(X)in Y.

Proof outline. Suppose f is continuous.
.". Sequence condition holds.
Suppose sequence condition.
Proof by contradiction, i.e., for contradiction, assume f is not continuous.
.. f is continuous. ]

2.10 Quotient Spaces

We want a general procedure to build a complicated topological space from a given topological
space. For example, given some topological spaces, we can glue them into new topological spaces.

Given topological space X and a map f : X — Y. Can we describe a topological space on Y?
Yes.

Definition 2.10.1 — Quotient space. [Mun99, page 137] Let X be a topological space. Let
Y £02.

The set (Y, 7") is called the quotient space if there exists a surjective map p : X — Y such
that VU C Y, U € T'iff p~!(U) € Tx.

p is a quotient map and T is the quotient topology.

It follows by definition that p : X — Y is continuous.

Let X,Y be topological spaces. If f: X — Y is surjective, continuous, and open, then f is a
quotient map. Also, if f: X — Y is surjective, continuous, and closed (i.e. the image of closed sets
is closed), then f is a quotient map.

Proof T is a topology. (a) Y CY. p~'(Y) =X € Tx (since p surjective). ..Y € T".
oCY.p Y o)=0€Tx..0T.
(b) Let {Uq}qes be any collection of Uy € T.
Consider Uy Uaq.
7 '(UgesUa) = Uges P~ (Uy) is open in X since X closed under arbitrary union.
—
€Tx
S UaesUa isopeninY.
(c) By induction, it is sufficient to consider pairwise intersection.
LetU,V €T
Consider UNYV.
p ' (UNV)=p ' (U)Np (V) is open in X since X closed under finite intersection.
—— ——

€Tx €Tx
s.UNVisopeninY.
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B Example 2.27 Let X =R, Y = {a,b,c}. Let p: X — Y be a quotient map defined by

a, ifx>0
p(x)=1<b, ifx<0
c, ifx=0

We consider all 2° = 8 subsets of Y, compute their pre-image, and check if they are open in

X.
s CY.p Y @)=0€Tw. . TET.
s YCY.p'(Y)=RETgq. .Y ET.
* {a} €Y. p~'({a}) = (0,%0) = Upen(0,n) € Towa- . {a} € T’
c (B} Y. p I ({B}) = (-,0) € Toa. . {b} € T’
——

=Upen(—n,0)
e {c} CY. p7'({c}) = {0} & Tsa because R — {0} = (—e0,0) U (0,0) is open, so {0} is
closed, and the only clopen sets in R are &, R. *. {c} € T".
¢ {a,b} cy. pil({aab}) = (_°°70) U (0700) €€ Ty .. {avb} eT".
o {b,c}CY. p7'({b,c}) =[0,00) & Ta. ... {a,c} € T".
o el €7 pil({aac}) = (—0,0] & Tswa. .. {b,c} € T".

Recall an equivalence relation is a reflexive, symmetric, transitive binary relation which creates
a partition of a set.

Definition 2.10.2 — Quotient space . [Mun99, page 139] Let X be a topological space. Let ~
be an equivalence relation.

Let [x] = {y € X | y ~ x } be the equivalence class of x € X.

The quotient space X* =X/ = {[x] | x € X } equipped with the topology 7" such that
YU C X*,

UeT iff p ' (U) e Tx
where p: X — X/ is the (canonical) projection map x —> [x].

We also call this space the identification space of X under ~.

That is, the pre-image (with respect to the projection map) of open sets in the identification
space are open sets in the original topology.

B Example 2.28 Realize T = S' x S! as a quotient space of a rectangle X = [0,1] x [0, 1] by
specifying:

(a) an appropriate edge identification diagram.

(b) an equivalence relation on X.

Figure 2.1 gives the edge identification diagram for (a).

e

Figure 2.1: Edge identification diagram of X

b
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For part (b), consider X = {xxy € X | x € [0, 1],y € [0,1] }. We get the following equivalence
relations:

» Foreachr € (0,1), (0,7) ~ (1,1).

* Foreachs € (0,1), (5,0) ~ (s,1).

¢ (0,0) ~ (0,1) ~ (1,1) ~ (1,0).

* Foreachx € X, x ~x.

Exercise 2.12 Let X = [0, 1] and let ~ be the relation on X such that 0 ~ 1 and x ~ x for all
x € (0,1). What is X* (up to homeomorphism)?



Connected Spaces

The following notion provides another topological invariant.

Definition 3.1.1 — Connected spaces. [Mun99, page 148] Let X be a topological space.

X is connected iff AU,V € Tx such that U,V # @ and X =U LIV (i.e., X is the disjoint
union of U and V).

X is disconnected iff it is not connected, i.e., U,V € Tx, U,V # @, X =U UV. If such a
pair exists, we call U,V a separation of X.

B Example 3.1 Let X be a topological equipped with 7gis. Suppose |X| > 1. Then X is
disconnected. |

Proof. We know Tgis = P(X). Choose U = {x} € Tgis and V =X — {x} € Tg. Since [X| > 1,
U,V#gand U,V C X. By constructionUNV =g, X =UUV.
.. X is disconnected. O

Theorem 3.1.1 [Mun99, page 148] Let X be a topological space. X is connected iff the only
clopen sets of X are @ and X.

Proof. For contrapositive of (=), suppose there exists a clopen set A C X, A # &. We want to
show X is disconnected.

Then choose U = A € Tx because A is clopen (open). Choose V =X \ A € Tx because A is
clopen (closed).

U # & by hypothesis and V # & because A C X. Also UNV = &. Moreover, X = ALl (X \
A)=UUV.

.. X is disconnected.

For contrapositive of (<), suppose X is disconnected. We want to show there exists a clopen
setACX,A#d.

Since X is disconnected, there exists a separation U,V € Tx such that U,V # &, U,V C X,
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UNV=gandX =UUV (le,X=XUV).

Choose A =U € Tx. Then A # @ and A C X by hypothesis. Also X —A=X-U=V
because X = U LIV by hypothesis.

.. A is clopen. O

B Example 3.2 (a) (R,74q) is connected. We’ve previously shown the only clopen sets are
R and &.

(b) Ry is disconnected. Then 7y is the topology generated by by basis

B=A{la,b)|a,beR,a<b}.

Proof of (b). Consider [a,b) € Tx because f C T.

Now consider R\ [a,b) = (—e0,a) U [b, o).

We have Uyen ([—n+a,a) U [b,b+n)) = (—e0,a) U[b,e) is open as the union of basis
elements. Then R\ [a,b) is closed.

Then [a,D) is clopen, [a,b) # R, @.

.". Ry is disconnected. O

Theorem 3.1.2 — Subspace connectedness lemma. [Mun99, page 148] Let X be a topolog-
ical space. Let Y C X be a subspace of X.

Then Y is disconnected iff there exists A,B C Y such that A,B # &, AUB =Y, and A does
not contain any limit points of B and B does not contain any limit points of A.

The limit points are with respect to X.

Recall a point x € X is a limit point iff for all open sets U, if x € U, then (U \ {x}) NA # @.
Note these A, B are not necessarily open and so this pair A, B is not necessarily a separation.

Proof of (=). Suppose Y is disconnected. Then there exists a separation A,B of Y.

We already have that A,B C Y such that A,B # &, AUB =Y. We only need to show the limit
point condition.

Since Y =AU B and A, B open, A and B are closed in Y. Then A is equal to the closure of A
iny,
A= _A nY
~—~
closure in X

and B is equal to the closure of Bin Y,
B=_B NY
~—
closure in X

by Theorem 2.8.5.

Recall A = AUA’ (the set of limit points of A in X).
We have the following:
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ANB=9gY
= (ANY)NB=9o
=ANB=02 (BCY)
= (AuA")NB
= (ANB)UA'NB)=o
= JUA'NB) =9 (A, B separated)
=ANB=0

.. B does not contain any limit points of A.
We have analogous argument by switching A and B.
.". A does not contain any limit points of B. O

Proposition 3.1.3 — Connectedness preserved under continuity. [Mun99, page 150] Let
X, Y be topological spaces. Let f : X — Y be continuous.
If X is connected, then the image f(X) is connected in Y.

Note that the image f(X) is a subspace of Y.

Proof. Let X,Y be a topological space.

Let f: X — Y be connected.

Suppose X is connected.

For contradiction, assume that f(X) is disconnected.

Then there exists a separation U,V of f(X). So f(X)=UUV.

Note that since f is continuous, f : X — f(X) is continuous (i.e., we can restrict the codomain
to the range).

Since U,V are open in f(X), the preimage of f(X)is X = f~ (U LV) = fF~(U)uf~1(V),
which are open (by continuity on the restricted map f) and nonempty, and so they form a
separation of X. Then X is disconnected. Contradiction.

. f(X) is connected in Y. O

The Intermediate Value Theorem is just a special case of this theorem. Let X = [a,b] and
Y =R.

Proposition 3.1.4 — Connectedness preserved under finite product. X; x Xp x --- X X}, is
connected when X; is connected for alli = 1,...,n.

Proposition 3.1.5 [Mun99, page 150] Let X be a topological space.
Let A C X be a connected subspace.
If 3B C X subspace such that A C B C A, then B is connected.

Said differently: If B is formed by adjoining to the connected subspace A some or all of its limit
points, then B is connected.
Check the proof in the textbook for reference.

Proof. Let A C X be a connected subspace.

Suppose 3B C X subspace such that A C B C A.

For contradiction, assume B is disconnected.

Consider a seperation U,V of B. Thatis, U,V C B, U,V # @, U,V areopenin B,UNV =&
and B=UUYV.

Since U,V open in B, then AUy, Vx € Tx, Ux,Vx # @ such that U = BNUy and V = BN V.
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SinceUNV =g, then Uy NVxyNB = @.

Since B=UUV,thenBC UxUVx. SoA C UxUVy and Ux NVx NA = &. We can refine
this to Uy NA = & or Vx NA = & because A is connected (if neither are true, then there would
exist a separation).

WLOG, assume Uy NA = O.

Recall U = BNUy # @ and B C A. Then

JxeBNUx CANUx = (AUA ) NUx = (ANUx)U(A'NUx) = 9A’ NUx.

So x € A’ and x € B. Contradiction to Theorem 3.1.2.
.. B 1s connected. O

Exercise 3.1 Prove that the only proper subspaces of R that are connected are {c}, (a,b), [a,b),
(a,b] and [a,b] where a,b,c € R, a < b.

3.2 Path Connectedness

Definition 3.2.1 — Path. [Mun99, page 155] Let X be a topological space. Let x,y € X.
A path from x to y (or an xy-path) is a continuous function f : [a,b] — X for some a,b € R
such that f(a) = x and f(b) =y.

Definition 3.2.2 — Path-connected. [Mun99, page 155] Let X be a topological space.
X is path-connected iff for all x,y € X, there exists an xy-path in X.

B Example 3.3 X = R" is path-connected.

Leta,b € R".
Define f : [0,1] — R" by f(¢t) = (1 —t)a+ bt. We need to check f is continuous, f(0) = a,
and f(1) = b. (We understand R” and know that this f is continuous already.) |

A

Figure 3.1: Example of a path

B Example 3.4 Let (X, Tyivial) (Where |X| is at most countable). Then X is path-connected.

Letx,y e X.

Consider any surjective f : [0,1] — X such that f(0) = x, f(1) = y. Check continuity. Recall
Tuivial = 2.

We get f(2) =2 =@N[0,1] € Tp1)- Also, since f surjective, f(X) = [0,1] = [0,1]NR.
Then f is continuous.

Exercise: Does such a map f exist? ]
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Proposition 3.2.1 [Mun99, page 155] Let X be a topological space.
If X is path-connected, then X is connected.

Proof. Suppose X is path-connected.

For contradicition, assume that X is disconnected. That is, there exists U,V € Tx such that
UV#A@andUUV =X.

Letu € U,v € V. Since X is path-connected, there exists a continuous function f : [a,b] — X
such that f(a) = u and f(b) = v.

Since [a, b] is connected, f([a,b]) is connected by Proposition 3.1.3. Then f([a,b]) C U or
f([a,b]) CV (otherwise, f([a,b]) is disconnected).

WLOG, suppose f([a,b]) CU. Then f(a),f(b) € f([a,b]), so f(a) =u,f(b) =veU.
Contradiction. U

R) The converse of Proposition 3.2.1 is false.

W Example 3.5 — The topologist’s sine curve. Define f: (0,1] — R by f(x) =sin (1).
Let S = f((0,1]) = { (x, f(x)) | x € (0,1] }, which is connected by Proposition 3.1.3 because
(0, 1] is connected and f is continuous. (This is path-connected.)
Take X = S = X U{(0,0)}, which is connected by Proposition 3.1.5.
Claim: X is not path-connected.
For contradiction, assume X is path-connected. Then any map from (0,0) to some other

point is not continuous [Mun99, page 157]. |

B Example 3.6 Intervals in R are path-connected, so they are connected.
Circles in R? are path-connected, and again they are connected. ]

Theorem 3.2.2 (a) Let X,Y be topological spaces. Let f : X — Y be continuous.
If X is path-connected, then f(X) is path-connected.
(b) Let {Xq}qes be topological spaces.
If each X, is path-connected, then [],c; X« is path-connected (in the product topology).

However, Theorem 3.1.5 does not hold for path-connectedness.

3.3 Compactness

Definition 3.3.1 — Covering, Open Covering. [Mun99, page 164] Let X be a topological
space.

A collection A C P(X) is a covering of X if the union of the elements of .4 equals X. A is
an open covering of X if A is a covering and each element in A is open in X.

Definition 3.3.2 — Compact. Let X be a topological space.
X is compact iff every open covering of X has a finite subcovering (that is, a subset of A that
is still a covering).

B Example 3.7 (i) R is not compact. Consider R = U,cn(—n,n). There is no finite subcov-
ering.
(ii) (0,1) and (0, 1] are not compact.
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Exercise 3.2 Let (X,7) be a finite topological space. Suppose |X| < eo. Prove that (X,7) is
compact.

Theorem 3.3.1 — Subspace compactness lemma. [Mun99, page 164] Let X be a topological
space. Let Y C X be a subspace.

Then Y is compact iff, if ¥ C |J,;U o where Uy, € Tx, then there exists ¢, ..., 0, € J such
that Y C L, Uq,.

That is, given Uy, is an covering of Y with sets open in Y, we have a finite subcovering of Y.

Proof. Suppose Y is compact.
Suppose ¥ € JyeyUa Where Ugy € Tx.

Y=YN|JUs=J(¥NUq)

act act

The collection { Uy, NY | & € J } is an open covering of Y.

.. Since Y is compact, there exists ¢, ..., &, € J such that Y C |J_, Ug,.

Suppose that given Uy, is an covering of Y with sets open in Y, we have a finite subcovering
of Y.

LetY = Ugyey Vo for any Vg € Ty.

Then Vo =Y NU, for some Uy € Tx.

So Y C Uges Uq. By the hypothesis, there exists i, ..., o, € Jsuch that Y C J! Ug,.

Intersecting Y across, we get Y = [J_; (Y NUy,) = U/, Vi. This is a finite subcovering. [

Theorem 3.3.2 [Mun99, page 165] Let X be a compact topological space. Let Y C X be a
subspace.
If Y is closed, then Y is compact.

Proof. Suppose X is compact. Suppose ¥ C X is a closed subspace.

Let Y C JgesUq for any Uy € Tx. Note this is a cover of Y open in X, not an open cover of
X.

We have that X = ([UyeyUa) U (X —Y) gives an open cover of X, since Y is closed. Then
this cover has a finite subcovering X = (i, Uy, ) U (X —7Y).

Since Y C X, then Y C (UL, Uy,). By Lemma 3.3.1, Y is compact. O

Theorem 3.3.3 [Mun99, page 166] Let X,Y be topological spaces. Let X be compact.
If f: X — Y is continuous, then f(X) C Y is compact.

Proof. Suppose X,Y topological spaces, X compact.

Suppose f : X — Y continuous.

We will apply Lemma 3.3.1 to f(X) as a subspace of Y.

Let {Uy }aes be any cover of f(X) by open sets in Y. That is, f(X) C UgesUq for any
Ug €Ty.

Taking pre-images, we get X C £~ ! (UgesUa) = Uges f ' (Uy). Since f is continuous,
f Y (Uqy) € Tx, giving us an open cover in X.

X is compact, so we can apply Lemma 3.3.1 to this open cover. Thus, there exists 1, ..., 0, €
J such that X C U, f~!(Uy,), a finite subcovering of X.
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Taking the image preserves the containment, f(X) C U™, f(f ' (Uy,)) € U™, Uq,.
.. By Lemma 3.3.1 on f(X), f(X) is compact. O

Then compactness is a topological invariant.
Theorem 3.3.4 [Mun99, page 167] Let X1, ..., X, be a finite collection of compact topological

spaces.
Then X; X --- X X, is compact.

We can prove the pairwise product is compact, and any finite product follows by induction.

Definition 3.3.3 — Hausdorff. [Mun99, page 1111111] A topological space X is Hausdorff or
T iff Vxy,x € X, x1 # xp, U,V € Tx such that x; € U, x, e U,and U NV # @.

Proposition 3.3.5 Every metric space (X, 7;) is Hausdorff.

Proof. Letx,ye X, x#y.

Let r =d(x,y). Then r > 0 because d is a metric and x # y.

Let U = By(x,7) and V = By(x, ;). Then U,V € 7, since they’re basis elements.

For contradiction, suppose UNV # &. Then 3z € UNV.

By definition of intersection, z € U and z € V. So d(x,z) < § and d(y,z) < §.

By triangle inequality and symmetry, r = d(x,y) < d(x,z) +d(y,z) = d(x,z) +d(z,y) =
+ 7 = 5. Since r > 0, contradiction.

-.UNV =, and so U,V are disjoint neighbourhoods of x,y.

.. A metric space (X, 7;) is Hausdorff. O

FNE

Theorem 3.3.6 — Tychonoff’s Theorem. If {X; }qc, is an arbitrary collection of compact
topological spaces, then the product topology [, c; X is compact.

Theorem 3.3.7 Let X be Hausdorff. Let Y C X. Suppose Y is compact. Then Y is closed.

Proof. Suppose X is Hausdorff and ¥ C X is a compact subspace.

We show the set X — Y is open by showing any point in it has a neighbourhood disjoint from
Y, and thus contained in X — Y.

Letxe X —Y.

For all y € Y, there exists Uy, V, € 1x such that x € Uy, y € V), and U, NV, =, which exists
because Ty is Hausdorff and x # y.

Note Y C Uyey Vy. Then {Vy |y € Y} is acovering of Y by sets open in X, that is, ¥ C Uyer Vy

Since Y is compact, we can use Lemma 3.3.1. There exists y;,...,y, € Y such that Y C
1 V), =V, i.e., we have a finite subcovering of ¥ by sets open in X.

Then the set U = (), Uy, is open since it is the finite intersection of open sets, and the set V
is open since it is the union of open sets.

We have x € U since x € Uy forally €Y andy € V since ve V) forally €Y.

For contradiction, suppose U NV # @.

Thendz€e UNV. Soze Uy, forally;,,i=1,...,nand z €V, for some y;, i = 1,...,n. But
Uy, and V), disjoint by Hausdorff. Contradiction. SoUNV = &.

That is, U, is a neighbourhood of x disjoint from Y.

. X =Y =U,ex_y U is the union of open sets, and is thus open itself. So Y is closed in
X. 0
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These three theorems and their proofs are key:

1. Theorem 3.3.2 (Image of compact space is compact): Let X be a compact topological space.
Let Y C X be a subspace. If Y is closed, then Y is compact.

2. Theorem 3.3.3 (Closed subspace of a compact space is compact): Let X,Y be topological
spaces. Let f : X — Y be continuous. If X is compact, then f(X) is compact.

3. Theorem 3.3.7 (Compact subspace of a Hausdorff space is closed): Let X be a Hausdorff
topological space. Let Y C X be a subspace. If Y is compact, then Y is closed.

3.4 Compactness in Metric Spaces

Definition 3.4.1 — Bounded. Let (X,d) be a metric space. Then a set A is bounded if 3M > 0
such that d(x,y) < M for all x,y € A.

Theorem 3.4.1 Let (X,d) be a metric space with the metric topology. Let A C X be a nonempty
subset.
If A is compact, then A is bounded.

Proof. Suppose A C X is compact.

Then A C U,cx Ba(x, &) with & > 0, which is an open covering of A by open sets in X. Since
A is compact and by Lemma 3.3.1, A C |J"_, By4(x, &).

Since we have finitely many open balls covering A, we can cover A with a single large enough
open ball, i.e., A C By(x;,N), for some M > 0 and some x;.

Then Vx,y € A, d(x,y) < 2N. O

This looks like one direction of Heine-Borel theorem.

Theorem 3.4.2 Let (X,d) be a metric space with the metric topology. Let A C X be a subspace.
If A is compact, then A is closed and bounded.

Proof. By Proposition 3.3.5, metric spaces are Hausdorff. With Theorem 3.3.7, A is closed.
By Theorem 3.4.1, A is bounded. O

R The converse does not hold.

B Example 3.8 — Counterexample to converse of theorem 3.4.2. Consider R with the
trivial metric. Then R is closed and bounded in R (why?). But R, which has the discrete topology
as the metric topology, is not compact. |

Theorem 3.4.3 — Heine-Borel Theorem. [Mun99, page 173] Let X =R". Let A CR" be a
subspace.
A is compact iff A is closed and bounded.

Proof. Suppose A is compact. R" is metrizable with the Euclidean metric d.

.. By Theorem 3.4.2, A is closed and bounded.

Suppose A is closed and bounded in d.

Letx,y € R", x = (x1,%2,...,%n), ¥y = (V1,¥2, -+ Vn)-

We have another metric (which generates the same Euclidean topology), the square metric
p(x,y) = max{|x —yi[}.

Since p(x,y) <d(x,y), A is bounded in d implies A is bounded in p.

Let xop € A. Then for any x € A, p(0,x) < p(0,x0) + p(x0,x) by triangle inequality. Note that
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since A bounded and x,xo € A, p(xp,x) <N for some N > 0. Also, A bounded and x( € A, so
p(0,x0) <M for some M > 0.

p(O,X) < P(OaXO) +p(X(),X)
<M+N

=M (for some M’ > 0)

So for all x € A,x € T[], [-M’,M’]. That is, there is some n-dimension cube, [-M',M']",
bounding any closed and bounded A.

We have that the set [—M’, M'] is compact (why?), and the finite product of compact spaces
is compact.

.. Since A is closed by hypothesis, by Theorem 3.3.2, A is compact. g

W Example 3.9 The torus 7 = S! x S! is compact. It is the product of two compact spaces S'.
By Heine-Borel, S' is compact because it is bounded and closed (e.g., show it is equal to its

closure, or show we can show f: R x R — R, (x,y) — x> +y? is continuous and f~!({1}) = S").
|







4.1 Countability Axioms

Definition 4.1.1 — Countability Axioms. Let X be a topological space.

(a) Letx € X. We say there exists a countable base at x if there exists a countable collection
{B(xi) }ien of open sets such that x € B(x;) and for any open set U such that x € U, there
exists Bj(x;) such that x € Bj(x;) CU.

X has a countable base at each x € X, then X is first countable.
(b) X is second countable if there is a countable basis that generates Ty.
(c) X is Lindeloff if every open cover of X has countable subcover.

A countable base at x is a countable collection of open sets such that for any open neighbourhood
U of x in the topology, there is a set within the base that covers x contained in U.

B Example 4.1 Every metrizable space is first countable. |

R) Recall the Archimedean Property: For every € > 0, there exists n € 7 such that % <E.

Proof. Say we have metric d. Let x € X be arbitrary.

Choose {B;(x,1)},cz+. Itis a countable collection of open sets, and x € By(x,1).

Let U € Tx = T4 such that x € U. Since U is open, U = {J,cy Ba(x, €) where € > 0. Then
X € By(x, €) for some €. By the Archimedean Property, there exists n € N such that x € By(x, %) -

By(x,e) CU. O

Proposition 4.1.1 A second countable space X is first countable and Lindeloff.
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4.2 Separation Axioms

Definition 4.2.1 — Separation Axioms. Let X be a topological space.

(a) X is Ty or Kolmogorov if for any distinct x,y € X, there exists open U such that x € U and
yZgUorxg¢UandxeU.

(b) X is T or Fréchet if for any distinct x,y € X, there exists open U,V such that x € U and
y¢U,andx¢VandyeV.

(¢c) X is T, or Hausdorff if for any distinct x,y € X, there exists open U,V such that x € U,
yeV,and UNV = . (Separated by neighbourhoods.)

(d) X is T3 or regular if for any closed set C and point x ¢ C, there exists open U,V such that
CCU,xeV,and UNV = &, and also singleton sets are closed.

(e) X is Ty or normal if for any closed sets C, D such that C N D = &, there exists open U,V
suchthat CC U, D CV,and UNV = &, and also singleton sets are closed.

These are topological invariants.

Proposition 4.2.1 Every metrizable space is normal.

Proof. Let X be a metrizable space with metric d.

Let C, D be closed, disjoint sets in X.

Let x € C be arbitrary.

Then there exists & > 0 such that B(x, &) N D = & because X — D is open and C C X —D.

Similarly, there exists €, > 0 such that B(y,&,) NC = @.

Choose U = Uyec B(x,&:/2) and V = U,cp B(y, &/2). U,V are open since they’re the union
of open balls,and CC U and D C V.

Also, U,V are disjoint. For contradiction, suppose there exists z € UNV.

Then for some x € C and y € D, B(x,&,./2) NB(y,&,/2) # @.

d(x,y) <d(x,z) +d(z,y) (Triangle inequality)
&+
2
< max{&,&}
<g (WLOG &, < &)

So y € B(x,&)ND = &. Contradiction.
.UNV =@, and thus X is normal.

Proposition4.22 T) = T3 =T, =T =T
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